SIEGEL DISKS AND RENORMALIZATION FIXED POINTS 
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Abstract. In this note we construct hyperbolic fixed points for cylinder renormalization 
of maps with Siegel disks. 



1. Introduction 

A renormalization hyperbolicity conjecture has so far been established in two examples 
of one-dimensional dynamical systems: the unimodal maps, in the works of Sullivan |Sull| 
KuEllMvS] . McMullen jMcMll IMcM2] . and Lyub i ch |Lyu4||Lyu5l; and t he critical circle 
maps , in t he wo rks of de Faria and de Melo [cTFTl ldF21 IdFdMIL ldFdM2] . and the author 
|Ya2| IYa3t IYa4j . In this paper we will add one more example to the list, by constructing 
a hyperbolic fixed points of renormalization corresponding to Siegel disks. Let us say that 
an irrational number 9 is golden if it is represented by an infinite continued fraction 

1 

6 = , with iVGN. 

1 

N + f 

We introduce this notation by analogy with the golden mean (v5 — 1)/2 which is expressed 
by such a fraction with N = 1. It has long been known, that golden Siegel disks in the 
quadratic family have self-similar scaling properties near the critical point, explained by 
a renormalization hyperbolicity conjecture |MN[ IWij . MacKay and Persival |MPj have 
conjectured in 1986, based on numerical evidence, the existence of a hyperbolic renormal- 
ization horseshoe corresponding to Siegel disks of analytic maps, analogous to the Lanford's 
horseshoe for critical circle maps |Lanl[ ILan2j . 

In 1994 Stirnemann |Stirj gave a computer-assisted proof of the existence of a renormal- 
ization fixed point with a golden-mean Sieg el disk. In 1998, McMullen [McM3^ proved the 
asymptotic self-similarity of golden Sigel disks in the quadratic family. He constructed a 
version of renormalization based on holomorphic commuting pairs of de Faria |dFH ldF2j 
and showed that the renormalizations of a quadratic polynomial with a golden Siegel disk 
near the critical point converge to a fixed point geometrically fast. More generally, he 
constructed a renormalization horseshoe for bounded type rotation numbers, and used 
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renormalization to show that the Hausdorff dimension of the corresponding quadratic Ju- 
lia sets is strictly less than two. 

In |Ya3j we introduced a new renormalization transformation lZ cy i, which we called the 
cylinder renormalization, and used it to prove the Lanford's Hyperbolicity Conjecture for 
critical circle maps. The main advantage of TZ cy i over the renormalization scheme based on 
commuting pairs is that this operator is analytic in a Banach manifold of analytic maps 
of a subdomain of C/Z. In this paper we use McMullen's result to construct a fixed point 
/ of H C yi with a golden-mean Siegel disk. We further discuss the properties of 7Z cy i at the 
fixed point /, and, in particular, show that its linearization is a compact operator having 
at least one eigenvalue outside the closed unit disk. 

Finally, we use the new results of Inou and Shishikura |Shi2j to show that for sufficiently 
large values of N, this fixed point of H cy i is hyperbolic, and the dimension of its expanding 
subspace is exactly one. 

Theorem 1.1. Let 

1 

6 N = , with N GN 

1 

N + f 

N+ — 

be a golden number. There exists a complex Banach space Cjj^n) whose elements (referred 
to as critical cylinder maps) are analytic maps defined in a neighborhood U(N) of the 
origin, such that the following holds. There exists a critical cylinder map fa G Cjj{n) with 
a Siegel disk A d U(N) with rotation number 6^ for which: 

(I) the boundary of A is a quasicircle containing the critical point of f^; 
(II) 1Z cy if N = f N ; 

(III) the quadratic polynomial f(z) = e 2mdN z + z 2 is infinitely cylinder renormalizable, 
and 

T^cyif - * /at, 

at a uniform geometric rate; 

(IV) the cylinder renormalization TZ cy i is an analytic and compact operator mapping a 
neighborhood of the fixed point f^ in C^jv) to Cmjv)- Its linearization at /jv is a 
compact operator, with at least one eigenvalue with the absolute value greater than 
one; 

(V) there exists a neighborhood of the origin which is contained in all U(N) for 
large enough N. 

Moreover, there exists No G N such that for all N > No we have: 

(VI) except for the one unstable eigenvalue, the spectrum of lZ cy i at fN is compactly 
contained inside the unit disk. 

Remark 1.1. We note that the results (I)-(V) extend to show the existence of an invariant 
horseshoe for renormalization of Siegel disks with rotation numbers 9 of type bounded by 
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any B G N. The result (VI) extends to the horseshoe of Siegel disks with bounded type 
for which every term in the continued fraction expansion of 8 is at least Nq. We restrict 
ourselves to the case of a renormalization fixed point for simplicity of exposition. 

Acknowledgements. I would like to thank Xavier Buff for several useful discussions of 
the results of Inou and Shishikura, and for suggesting a different argument for proving 
Theorem 12.121 In addition, I would like to thank X. Buff and A. Cheritat for discussing 
the Doaudy's Program of constructing positive measure Julia sets with me. 

2. Preliminary considerations. 

Some notations. We use dist and diam to denote the Euclidean distance and diameter 
in C. We shall say that two real numbers A and B are A-commensurable for K > 1 if 
A _1 |A| < \B\ < K\A\. The notation D r (z) will stand for the Euclidean disk with the 
center at z G C and radius r. The unit disk -Di(O) will be denoted D. The plane (C\R) U J 
with the parts of the real axis not contained in the interval J C M. removed will be denoted 
Cj. By the circle T we understand the affine manifold M/Z, it is naturally identified with 
the unit circle S 1 = <9B. The real translation x i— > x + 9 projects to the rigid rotation by 
angle 9, Re : T — > T, the same map on S 1 will be denoted rg. For two points a and b in 
the circle T which are not diametrically opposite, [a, b] will denote the shorter of the two 
arcs connecting them. As usual, | [a, b] | will denote the length of the arc. For two points 
a, b G R, [a, b] will denote the closed interval with endpoints a, b without specifying their 
order. The cylinder in this paper, unless otherwise specified will mean the affine manifold 
C/Z. Its equator is the circle {Im^ = 0}/Z C C/Z. A topological annulus A C C/Z 
will be called an equatorial annulus, or an equatorial neighborhood, if it has a smooth 
boundary and contains the equator. 

By "smooth" in this paper we will mean "of class C°°" , unless another degree of smooth- 
ness is specified. The notation U C UJ " will stand for "real-analytic". 

We will sometimes use a symbol oo alongside the natural numbers, with the usual con- 
ventions oo > n, l/oo = 0, and oo ± n = oo for n G N. 

Renormalization of critical circle maps. We are going to recall here very briefly the 
way renormalization of critical circle maps is defined using commuting pairs [FKS, ORSSJ. 
A detailed account of what follows may be found in |Ya3j . A critical circle mapping / is a 
homeomorphism T — >• T of class C 3 with an only critical point at 0. The latter is further 
assumed to be non-flat, usually cubic. Yoccoz |Yocj has shown that if such a mapping has 
an irrational rotation number p(f), then it is conjugate to the rigid rotation of the circle by 
angle p(f) by a homeomorphic change of coordinate. Writing p(f) as an infinite continued 
fraction with positive terms 

P(f) = 

a\ H — 

a 2 H 
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(which we will further abbreviate as [a\, ■ ■ .]), we denote {p n /<in\ the sequence of its 
convergents 

Pn/q n = [ai, . . .,a n \. 

As p n /q n are best rational approximations of p(f), the denominators q n are closest return 
times of the critical point 0: the arc J n = [0, f qn {0)} contains no iterates / J '(0) with j < q n . 
The first return map of J n U J n+ i is a piecewise defined mapping given by 

RjMJn + lf = (f qn + 1 I J-nl f^l Jn+i)' 

This serves as a motivation for the following definition. 

Definition 2.1. A commuting pair £ = (77, £) consists of two C 3 -smooth orientation pre- 
serving interval homeomorphisms 77 : — > rj(I v ), £ : — > £(if), where 

(I) I„ = [0,£(0)], J c =fo(0),0]; 

(II) Both 77 and £ have homeomorphic extensions to interval neighborhoods of their 
respective domains with the same degree of smoothness, which commute, 7/o£ = £or/; 

(niH°77(o)ei„; 

(IV) r/(x) ^ ^ £'(y), for all x e I v \ {0}, and all j/e/ { \ {0}. 




Figure 1. A commuting pair 

The height x(£) °f a critical commuting pair £ = (77, £) is equal to r, if 

0€[77 r (£(0)),^ +1 (£(0))]. 

If no such r exists, we set x(£) = 00, in this case the map rj\I v has a fixed point. For a pair 
£ with x(0 = r < 00 one verifies directly that the mappings 77 1 [0, 7/ r (£(0))] and rf o £|J^ 
again form a commuting pair. For a commuting pair £ = (77, £) we will denote by £ the 
pair [rf\ I v , £| 1^) where tilde means rescaling by the linear factor A = — jj-j. 

Definition 2.2. The renormalization of a real commuting pair £ = (77, £) is the commuting 
pair 
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For a pair £ we define its rotation number p(() G [0,1] to be equal to the continued fraction 
[r ,r 1 , . . .] where = x(J^X)- m this definition l/oo is understood as 0, hence a rotation 
number is rational if and only if only finitely many renormalizations of ( are defined; if 
x(0 - oc, p(0 - 0. 

The non-rescaled pair (rj r o£\ 1^ rj\[0, ?7 r (£(0))]) will be referred to as the pre-renormalization 
p7Z( of the commuting pair ( = (r/, £). For a critical circle map / as above, we set 

P n n f = R JnUJn+1 f = (f qn+1 \ Jn J qn \j n+1 ), and n n f = p^f. 

A key object in the renormalization theory of commuting pairs developed by de Faria |dFl[ 
ldF2j is the holomorphic commuting pair. This is an analogue of the Douady-Hubbard's 
polynomial-like map in the unimodal renormalization theory, which is defined as follows 
(cf. Figure 0): 

Definition 2.3. An analytic commuting pair ( = {r}\j v , extends to a holomorphic 
commuting pair 7i if there exist four simply-connected IR-symmetric domains V, U\, U 2 , 
U 3 such that 

• U u U 2 , U 3 C V, U x n U 2 = {0}; the sets U x \ U 3 , U 2 \ U 3 , U 3 \ U h and U 3 \ U 2 are 
nonempty, connected, and simply-connected, U\ n R = I v , U 2 fl R = 1^; 

• mappings rj : U\ — > (V \ R) U r}(I v ) and ^ : U 2 — > (V \ R) U ^(/g) are onto and 
univalent; 

• v = r] o £ : U 3 — >• (V \ R) U v{Iu 3 ) is a three-fold branched covering with a unique 
critical point at zero, where Ijj 3 = U 3 fl R. 

One says that an analytic commuting pair (rj, £) with an irrational rotation number has 
complex a priori bounds, if all its renormalizations extend to holomorphic commuting pairs 
with bounded moduli: 

mod(V \ UU]) > p, > 0. 
Part of the significance of the complex a priori bounds is explained by the following: 

Proposition 2.1 ( |Yalj ). For \l G (0,1) let tt(p) denote the space of holomorphic com- 
muting pairs 7i, with mod(V \ UC/j) > p, min(|/^|, |/^|) > p and diam(V) < 1/p. Then the 
space H(/i) is sequentially pre-compact with respect to the Caratheodory topology, with all 
the limit points contained in H(/i/2). 

The existense of complex a priori bounds is a key analytic issue of renormalization 
theory. In the case of critical circle maps it is settled by the following theorem: 

Theorem 2.2. There exist universal constants p > and K > 1 such that the following 
holds. Let ( be an analytic critical commuting pair with an irrational rotation number. 
Then there exists N = N(() such that for all n > N the commuting pair TZ n ( extends to a 
holomorphic commuting pairH n G H(p). Moreover, its range V n is a Euclidean disk, and 
the regions U fl (±H) are K-quasidisks. 
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We first proved this theorem in |Yalj for commuting pairs £ in the Epstein class. Our 
proof was later adapted by de Faria and de Melo [dFdM2 to the case of a non-Epstein 
analytic commuting pair. 

Finally, let us make the following note for future reference. 

Proposition 2.3. If f be a homeomorphism of a topological circle S with p(f) G K\Q. 
Fix a point p G S and let A n be the arc of the circle S connecting p to f Qn (p) and such that 
f qn ~ 1 (p) ^ A n . Then for every hgN the topological arcs 

(2.1) A n , f(A n ), f^-\A n ), A n+1 , f(A n+1 ), . . . , f^-\A n+1 ) 

cover the whole circle and have disjoint interiors. 

We will call the intervals (j2.1|) the n-th dynamical partition of /, given by the orbit of p. 

Siegel quadratics. Let f(z) be a germ of an anlytic mapping at 0, for which the origin 
is a fixed point. We will concentrate on the case when is an irrationally indifferent fixed 
point of /, that is, /'(0) = e 2me , with the rotation number 9 G 1\Q. The germ / is 
linearizable, if after a conformal change of coordinate in a neighborhood of the origin, it 
becomes a rotation. The first such linearization result is due to Siegel |Sieg| , we recall it 
below: 

Theorem 2.4 (|Sieg|). Suppose 9 £ (0, 1) is an irrational number of bounded type 1 that is, 
it is represented by an infinite continued fraction with positive terms 9 = [ai, ... , a n , . . .} 
such that supcij < oo. Then any analytic germ f(z) with the rotation number 9 is lineariz- 
able. 

For an analytic mapping / with a linearizable irrational indifferent fixed point, the maximal 
linearization domain is called a Siegel disk. In the cases when / has a natural domain of 
definition, the structure of the boundary of the Siegel disk allows further study. Let us 
consider the particular example of a quadratic polynomial 

f e (z)= e^ d z + z 2 

with 9 an irrational of bounded type. The following properties then hold true: 

Theorem 2.5 (Siegel quadratics of bounded type). Denote A the Siegel disk of fo- 
il) The boundary of the Siegel disk A is a quasicircle containing the critical point of 
fe- 

(II) The Julia set of fg is locally connected. 
(Ill) The Julia set of fg has zero area. 

The second and third statements are theorems of Petersen |Petj (see also |Yalj for a different 
proof). The first statement is derived from the real a priori bounds for critical circle maps 
of Swiatek |Swj and Herman |Herj , via a quasiconformal surgery procedure due to Douady, 



1 "Bounded type" is the terminology of the renormalization theory, the term commonly used by the 
number theorists is "constant type" . 
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Ghys, Herman, and Shishikura. We will make use of this surgery further in the paper, let 
us therefore briefly recall it below. 

Proof of (I). Consider the one-parameter family of degree three Blaschke products 

For each value of r the restriction Qrls 1 is an analytic critical circle mapping, with critical 
point c = 1 and critical value Q T (1) = e 2nlT . For each irrational number 9 G T \ Q let 
us denote t(9) G T the unique value of the parameter for which the rotation number of 
Qr^ls 1 is equal to 9 and set 

(2.2) Fg EE Q T(0) . 

Consider the rigid rotation r e (z) = e 2nie z and let be the conjugacy 

° Pels* ° = rg\ s i 



for which 0(1) = 1. By SwJ and [HerJ if 9 is of bounded type, then is a quasisymmetric 
map. Let us select a quasiconformal extension of to the unit disk D. A new dynamical 
system Fg will be defined as 



(2.3) 



F g (z), when z D, 

_1 org o (f)(z), when z G 



We define a new complex structure \i in D setting it equal to the pull-back of the standard 
complex structure 0Vo. We extend /i to the outside of D setting it equal to (Fg)* o 0*cr o 
for a point z such that Fg(z) G D and equal to cr elsewhere. By construction, Fgfj, = fi. 
By the Measurable Riemann Mapping Theorem, there exists a quasiconformal mapping 
if) : C —>■ C such that 

(2.4) ip*a = fx a.e., and ip(oo) = oo, ^(0) = 0, ^(1) = -e 2m9 /2 

Then 

fg = if)' 1 oFgOtp 

and the proof is complete. □ 

McMullen's results on renormalization of Siegel disks of bounded type. For the 

polynomial fg as in Theorem 12.51 the restriction to dA is topologically conjugate to Rg. If 
c G dA is the critical point of fg, it is natural again (cf. |MN| IWi] IMPj ) to define the n-th 
pre-renormalization of fg\dA as the first return map of the union of the arcs A n — [c, /g n (c)], 
A n+ i = [f^ n (c),c], which is 

(2-5) (f qn+ % n ,f qn U n+1 ). 

McMullen jMcM3J defines renormalizations of Siegel quadratics using complexified versions 
of ()2.5|) similar to de Faria's holomorphic commuting pairs (cf. jdFl| lclF2] ): 
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Definition 2.4 (McMullen's holomoprhic pairs). Let Ui, U2, V be quasidisks in C 
with Ui C V. A holomorphic pair consists of two homeomorphisms g^ : Ui \— ► V univalent 
on the interior, such that: 

• V \ U\ U Ui is also a quasidisk; 

• Ui fl dV = Ii is an arc; 

• ii U I 2 for i = 1,2; 

• £7i fl £72 = {c} is a single point. 

The filled Julia set of a holomorphic pair ((71,(72) is by definition the set K(gi,g2) of non- 
escaping points for this dynamical system. 




Figure 2. On the left, the second pre-renormalization of the golden mean 
Siegel disk; on the right a de Faria's holomorphic commuting pair. 

A pre-renormalization of fg in the sense of [McM3 is a holomorphic pair 
(2.6) P TZ n McM f = (/*• : UI - V» : U 2 n -> V») 

such that I" = A n and J^ 1 = ^n+i- The corresponding renormalization 7^ cM / is the above 
holomorphic pair linearly rescaled by a mapping sending c to and the other endpoint of 
A n to 1. 

Proposition 2.6 ( McM3j). A pre-renormalization \2. b]) exists for every value ofnEN. 

This evidently follows from Theorem 12.21 and the surgery construction of Theorem 12.51 
Below we briefly outline a different argument due to McMullen, making use of the local 
connectivity of the Julia set J(fe)- 

The domain V n is taken to be the annulus between the boundary of A and some equipo- 
tential E of the Julia set of fg, from which a slight thickening of the external ray landing 
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at fo(c) is removed. The domain is then the univalent pull-backs of V n along the orbit 
and similarly for UQ- 

A holomorphic pair V ()2.6j) under the the inverse of the surgery map ip (|2.4jl and after 
Schwarz reflection gives rise to a holomorphic commuting pair Ti = lZ k Fg. Let us say that 
V has a complex bound n'liTL possesses this bound. 

Let us now fixiVel and set 



N + 

N H 

Denote p n /q n the ra-th convergent of this infinite continued fraction. 

Proposition 2.7 ( McM3j). Th ere exists a constant K > 1 such that the following holds. 
Every two pre-renormalizations \2. 6}) of fg^ constructed as above are K-quasiconformally 
conjugate. The conjugacy extends (anti)conformally to a neighborhood of c in A. 

Theorem 2.8 QMcM3 ). Suppose g is any analytic mapping with a golden-mean Siegel disk 
whose boundary is a quasicircle containing a single simple critical point, and let (gi^gi) be 
a pre-renormalization of g in the above sense. Assume that for some nGN the holomor- 
phic pair (<7i,<72) quasiconformally conjugate to the n-th pre-renormalization of fg t and 
the conjugacy extends (anti)conformally to a neighborhood of c in A. Then the extended 
conjugacy ip is C l+a - (anti) conformal at the critical point c. 

The proof is based on the following concept developed in |McM2j: 

Definition 2.5. A point x is a measurable deep point of a compact A C C if there exists 
5 > such that for all r > 

area(7J r (:r) \ A) = 0(r 2+s ) 

The following theorem about measurable deep points appeared in [McM2 : 

Theorem 2.9 (Boundary conformality) . Let <p : C — > C be a quasiconformal map with 
d(j) = on a measurable set Q, and let x be a measurable deep point of Q. Then <fi is 
C 1+a - conformal at x. 

For the holomorphic pair 

9n = (gigl) : uui^U n 

which is the n-th pre-renormalization of /e„ in the sense of McMullen the filled Julia set 
K{g\, g*) is a subset of J(f$) and hence has zero area, and no measurable deep points. 
McMullen considers its thickening 

K e {glg 2 n ) = K{g x n ,gl) U, >0 (^)^(A(c) \ U n ), 
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and shows that for every e > the critical point c is a measurable deep point of this set. 
The conjugacy constructed in Proposition 12. 71 is then C 1+Q -conformal by Theorem 12.91 
Denote TlMcufe* the n-th pre-renormalization g n rescaled linearly so that I± is bounded 
by and 1, with c mapping to 0. Applying Theorem 12.81 to the particular case of these 
renormalized pairs, we have 

Corollary 2.10. The renormalizations TZ^cMfe* converge geometrically fast in n with re- 
spect to the uniform metric on compact sets. 

Denoting the limiting pair (a), v) we see that it is fixed under the operation 7?.McM- More- 
over, if g is as in Theorem 12.81 then 

(2-7) TZ^g ^ (u,v), 

again at a geometric rate. 

Cylinder renormalization. The cylinder renormalization was introduced in |Ya3j . for a 

detailed discussion we refer the reader to that paper. Firstly, let us define some function 
spaces. Denote 7r the natural projection C — > C/Z, and p : C/Z — > C the conformal 
isomorphism given by p(z) = e 2mz . For a topological disk W C C containing and 1 we 
will denote the Banach space of bounded analytic functions in W equipped with the 
sup norm. Let us denote Cw the Banach subspace of Aw consisting of analytic mappings 
h:W->C such that h(0) = and h'(l) = 0. 

The cylinder renormalization operator is defined as follows. Let / G Cw- Suppose that 
for n G N there exists a simple arc I which connects a fixed point a of f n to 0, and has 
the property that f n (l) is again a simple arc whose only intersection with I is at the two 
endpoints. Let Cf be the topological disk in C\{0} bounded by I and f n (l). We say that Cf 
is a fundamental crescent if the iterate f~ n \c f mapping f n {l) to I is defined and univalent, 

and the quotient of Cf U f~ n (Cf) \ {0, a} by the iterate f n is conformally isomorphic to 
C/Z. Let us denote Rf the first return map of Cf, and let us assume that this map has 
a critical point z corresponding to the orbit of 0. Let g be the map Rf becomes under 
the above isomorphism, mapping z to 0, and h = p^ 1 o g o p. We say that / is cylinder 
renormalizable, if h e Cy for some V, and call h a cylinder renormalization of /. 

Proposition 2.11. Suppose f G Cw is cylinder renormalizable, and its renormalization 
hf is contained in Cy- Denote Cf the fundamental crescent corresponding to the renor- 
malization. Then the following holds. 

• Every other fundamental crescent Cf with the same endpoints as Cf, and such that 
Cf U C f is a topological disk, produces the same renormalized map hf. 

• There exists an open neighborhood U(f) C Cw such that every map g G Cw is 
cylinder renormalizable, with a fundamental crescent C g which can be chosen to 
move continuously with g. 

• Moreover, the dependence g i— > h g of the cylinder renormalization on the map g is 
an analytic mapping Cw Cy. 
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Proof. The arguments from |Ya3j apply mutatis mutandis. □ 

Let us now concentrate on the case of Siegel quadratics with a golden rotation number. 

Theorem 2.12. Let fg t be as above. There exists a sequence g n , n G N of cylinder 
renormalizations of fg f with the following properties. 

(I) There exists an increasing sequence of natural numbers k n such that g n is a cylinder 
renormalization of with period q^ n ■ For every n, the map g n has a Siegel disk 
with rotation number 9* centered at the origin, whose boundary is a quasicircle, 
containing the critical point 1 . 
(II) Let 

P n : U? U [/" -> V n 

be a sequence of holomorphic pairs \2. 6]) with a uniform complex bound \i. There 
exists K G N such that for every n the fundamental crescent C n corresponding to 
g n is contained in the union of the closures of the domains U™~ K and A. 
(Ill) Finally, forn2 > n\, the map g n2 is a cylinder renormalization of g ni . 




Figure 3. 

We will give two different proofs of the above theorem: 

Proof of Theorem \2.1 6 *A using the surgery on a Blaschke product. Let F = Fg t be the Blaschke 
product (|2.2j) . Denote ( n the n-th renormalization lZ n F of this critical circle mapping. 
Each Cn is a commuting pair in the Epstein class, and therefore is cylinder renormalizable 
(Lemma 7.6 of |Ya3j ) . By complex a priori bounds ( Theorem I2.2J1 we can choose a funda- 
mental crescent W n for ( n so that W n+ M C W n for some fixed M G N. We may, moreover, 
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select W n compactly contained in the domain of the holomorphic commuting pair 7i n of 
Theorem 12.21 Denote = W n fl EI the upper half of the fundamental crescent. Let p 
and F q " (p) be the points of intersection of the boundary of W n with the unit circle. Let 
cf) : D — > D be the quasiconformal mapping of ()2.3|) and ip be the change of coordinates 
(|2.4|) . Let a = (j)(p) so that b = r^ l (a) = (f)(F Qn (p)), and denote L C D the domain 
bounded by the line segments [0, a], [0,6] and the arc [a, b] C S 1 . Set H n = W£ U 
and C n = ^>~ 1 (fZ n ). By construction, C n is a fundamental crescent for f dt . Denote h n the 
corresponding cylinder renormalization. Setting g n = hun we have the required properties. 

□ 

Proof of Theorem \2.1 6 *A using an idea of X. Buff (private communication). We will explic- 
itly construct a sequence of fundamental crescents Ck for the map fg t . Denote Zi, Z 2 C A 
the internal rays of the Siegel disk terminating at the endpoints of [c, fg~ qn (c)] C <9A, and 
let r 1; r 2 be segments of the two external rays of K^fg^) landing at the same two points. 
Let 7fc be the repelling fixed point of ff° in U^. Let Qk 3 7fc be a linearizing neighborhood 
of 7fc, and uik '■ Qk — > D be the linearizing coordinate, conjugating fjf k to z \— > XkZ where 
Afc = (/^)'(7fc)- Denote 

* : {Re(z) < 0} -> D 
the exponential map z^e 2 , and let L be the ray 

{Re(^) = ImO), Re(^) < 0}. 

Denote S2 an arc of the logarythmic spiral w^ 1 o *ff(L) which terminates at 7^ and whose 
other endpoint lies outside of the filled Julia set K(fg t ). Set S\ to be the component 
of the preimage fg t 9k {s2) which contains 7/.. Let Z2 be a curve consisting of an arc of 
an external ray and of an equipotential connecting S2 with rg, and t\ its /^^-preimage 
connecting S\ with ri- By construction, the curves Lj = Zj U rj U tj U s« are disjoint and 
fg^(Li) = L 2 . The local pictures of dynamics at and at 7^ imply that L\ and L 2 bound 
a fundamental crescent Ck of (cf. Figure EJ). The map hk which is the corresponding 
cylinder renormalization satisfies the property (I). By Corollary 12.101 there exists MgN 
such that for every k the crescent Cm+u C Ck- Setting = fiMk we have the desired 
properties. □ 

2.1. Parabolic renormalization. For further reference, we give here a brief definition of 
the relevant version of parabolic renormalization. We refer the reader to |Shilj . and also 
to |EYj . The latter reference contains a detailed discussion of parabolic renormalization 
for critical circle mappings. 

Let / G Cjj have a fixed point p with eigenvalue 1. Assume further, that p is a simple 
parabolic point, and denote C A and C R the attracting and repelling Fatou cylinders of p. 
The overlap of the attracting and repelling petals of / induces an analytic Ecalle- Voronin 
mapping Ef from open neighborhoods W + , W~ of the ends ©, of C R to C A . We 
normalize the situation by requiring that (£/)'(©) — 1- 
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An arbitrary choice of an affine isomorphism r : C A — > C R induces a dynamical system 

g T = t o S f : W + U W~ -> C fi 

Denote e(z) = e 2?r * z the conformal isomorphism C A — > C \ {0}, sending the end © to the 
puncure at the origin. Now let [ai, a 2 , . . . , a n , . . .] be any formal continued fraction with 
tij G N U {00} . If there is no symbol 00 present in the sequence [ai], then the continued 
fraction converges to a well-defined 9 G R \ Q. Otherwise, assuming that i is the first 
position in which 00 is encountered, we let to be the rational [a±, . . . , ctj-i]. 
We set 

Vef = eog T(e) oe 4 , 

for the unique choice of r(9) such that (Vef)'(O) = e 2md , and call it the parabolic renor- 
malization of / corresponding to 9. 

Parabolic renormalization can be seen as the limiting case of cylinder renormalization 
as seen from the following (cf. [ShTT | lEYj ): 

Theorem 2.13. For f as above, there exists a neighborhood U(f) C Cu such that the 
following holds. Every h G U(f) with h'(0) = e 2mt , t 7^ is cylinder renormalizable with 
period 1. 

Moreover, fix 9 = [a%, a 2 , . . . , a n , . . .] with a, G NU {00}. Let hi G U(f) converge to f , 
and have (/ij)'(O) = e 2mti . When U 7^ ; let gi be the cylinder renormalization of hi of 
period 1. When ti = 0, set gi = Vghi. 

Assume that (ft)'(0) -> e 2ni6 . Then 

9i ^ Vef 

uniformly in some neighborhood ofO. 

3. Proof of the main theorem 
The definition of 1Z cy i and the existence of a fixed point /. 

Proposition 3.1. Let g n be the sequence of cylinder renormalizations of fg t constructed 
in Theorem \2.1 6 A There exists M G N and a domain U D {0,1} such that for n > M 
the renormalizations g n G Cu, and converge geometrically fast in the uniform topology to 
a map f G Cjj- The map f has a Siegel disk Af which is compactly contained in U . 

Proof. Let K be as in Theorem 12.121 By Theorem 12.81 / converge geometrically fast 
to a holomorphic pair (u>, v) which is fixed under 7^McM- This and Theorem 12. 121 imply the 
desired claim. □ 

Proposition 3.2. There exists a topological disk W =>> A? such that the following holds. 
For every topological disk V with W 3) V D As we have: 

(I) Denote g the restriction f\y. Then the map g has a cylinder renormalization g 
whose domain of definition compactly contains W and such that g\ w = f\ w . 
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(II) Moreover, there exists n such that the n-th pre-renormalization in the sense of 
McMullen <TO)) 

pll n McM : U? U U« -> V n 

exists for g . 

(Ill) Finally, let Ji be an element of the n-th dynamical partition \2.1\) of g\d&f cor- 
responding to the orbit of 0, and g k {Ji) C i/f Ut/J. Then the inverse branch t% 
mapping g k (Ji) to Ji univalently extends to (V n \ dAi) U g k (Ji) and maps it to a 
subset of V. 

Proof. We will make use of the quasiconformal conjugacy ip = ipe* (|2.4jl conjugating the 
quadratic map fg t to the modified Blaschke product Fg t . Let V be any domain compactly 
containing At. Set X = ip{V) \ O, and Y to be the union of X with its reflection in S 1 , 
together with the arc tp(V)r\S 1 . Let G = i^Jy. By complex a priori bounds (Theorem l2.2j) 
there exists N such that for every analytic critical circle map h in Y with a single critical 
point, for n > N the commuting pair pTZ n G extends to a holomorphic commuting pair 
TC^ G H(jtf). By a compactness argument, = N(Y). 

The pull-back of the "upper half" of the holomorphic commuting pair TVq by the conju- 
gacy ip is a holomorphic pair 

p1Z" McM : U» U U» - V\ 

which implies part (II). Note that the universality of the bound /x and Theorem 12.121 (II) 
imply that there exists W independent of the initial choice of V such that (I) holds. Part 
(III) follows from the same considerations. 

□ 

Definition 3.1. Let us select a sub domain V <s W, and n G N as in the previous Propo- 
sition. Let U <s W be an open neighborhood of such that 

(3.1) U m UTiiV" 1 ) U A~ and U m Ur^C/f) 

By Proposition ^. 21 (I) there exists a cylinder renormalization transforming f\u to f\w- By 
Proposition 12. 1 II it extends to an analytic operator from an open subset of Cjj to C^. We 
will denote this operator TZ cy i, and call it the cylinder renormalization operator. 

The expanding direction of TZ cy i. Let us denote C = DjTZ cy i : Cjj — > Cjj. We first 
establish that: 

Proposition 3.3. The operator £ is compact. 

Proof. Denote Bi the unit ball in and let v G B\. By definition of 7Z C yi, the vector 
field Cv is an analytic vector field in the domain W 3) U. Denote C (s U a fundamental 
crescent which corresponds to the cylinder renormalization operator, and let $ : C — » C 
be its uniformization. The first return map Rc of C under f\u is a bounded piecewise 
analytic map. The restriction of Rc to $ _1 (£7) is a finite collection of iterates P, and the 
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compactness considerations imply that there exists C independent of v such that | | < 
C. Since the C-bounded functions in C v which analytically extend to W form a compact 
set, the image is compact. □ 

Proposition 3.4. The operator £ has an eigenvalue A with |A| > 1. 

Proof. Let v(z) be a vector field in Cu, 

v [z) = v'(0)z + o(z). 

Denote j v the quantity 

f(0) 

For a smooth family 

f t (z) = f(z)+tv(z) + o(t), 

we have 

f t (z) = a v t {z){f{0)z + o(z)), where a t {0) = l+t lv + o{t). 
The g m+ i-st iterate 

f q r +1 {z) = (a v t (z)y^((f'(0))^z + o(z)). 

In the neighborhood of the renormalized vector field Cv is obtained by applying a uni- 
formizing coordinate 

1 



= (z + o(z)Y, where /3 



^*g m mod 1 
Hence, 

af(0) = [K(0))^+f , 

so 

= A7 1 „ where A = f3q m+1 > 1. 

Hence the spectral radius 

iZspOCv) > 1, 

and since every non-zero element of the spectrum of a compact operator is an eigenvalue, 
the claim follows. □ 

Stable direction. Denote W C Cu the collection of mappings / such that /'(0) = e 2me * . 

Inou and Shishikura's results. Inou and Shishikura Shi2] have recently established 
the following result: 

Theorem 3.5. There exist Nq G N, a pair of topological disks W D W 3 0, and an open 
neighborhood V C Cw so that the following is true. 
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• Let 8 = [ai, a 2 , ■ ■ ■} with a\ G NUoo and a* > N . For every f G V with /'(0) = e 2nie 
we have the following. If ai ^ oo, then f is cylinder renormalizable with period 1, 
and the corresponding cylinder renormalization geV. Otherwise, 

P[« 2 ,« 8 ,..]/evncv 

• Moreover, consider the quadratic polynomial f = fe{z). Set to be the sequence of 
cylinder/parabolic renormalizations of f with 

(^)'(O) = e 2^K+i>«i+2,...]_ 

Then there exists j G N such that gj G V. 

• Finally, the neighborhood V can be chosen sufficiently small, so that, in particular, 
for every f G V the critical point 1 is not fixed. 

Note that the claim (V) of the Main Theorem immediately follows from the above result. 

Proposition 3.6. There exists an open neighborhood U C Cjj of f such that there exists 
N G N such that for every f G W C\U the following holds: 

(I) the boundary of the Siegel disk dAf is a quasicircle containing the critical point 1; 
(II) the pair of mappings 

(f 9N I [l,fN+l (1)] , f qN+1 | [l JIN (1)] ) 

extends to a holomorphic pair, which is quasiconformally conjugate to (a), v) \2. l\j 
in such a way, that the conjugacy conformally extends to the Siegel disks. 

Proof. From Theorem 13.51 there exists a neighborhood IA such that for every / G tl the 
critical orbit {f n (l)} is infinite and compactly contained in U. Since the dependence 
/ ^ / n (l) is holomorphic, the Bers-Royden Theorem implies that the closure {/ n (l)} is a 
.fT-quasicircle Ty for some K = K(U) > 1. Given the invariance of T/, and considerations 
of the Denjoy- Wolff Theorem, we see that Tf = dAf. The standard pull-back argument 
implies that / is K± = i^i(W)-quasiconformally conjugate to / on a subdomain V C U 
with A f m V. 

By Proposition 13.21 the neighborhood U may be chosen small enough so that (II) holds 
for some iV G N. □ 

Proposition 3.7. There exists a codimension one subspace T of Cu such that 

R sp (£\t) < l. 

Proof. We take T to be the tangent space to the codimension one submanifold Ufl W C Cu 
at the point /. By McMullen's Theorem 12.81 for every map /GW, 

geometrically fast. The Spectral Theorem for compact operators implies that 

RsMt) < 1. 

□ 
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Appendix A. Application to the Measure Problem 



The question of existence of polynomial Julia sets with positive area has long been 
a central problem in Holomorphic Dynamics. Some years ago Douady has outlined a 
program for constructing such sets in the family of quadratic polynomials. Cheritat |Chj 
in his thesis made a major progress in the program, reducing it to several renormalization- 
related conjectures. Very recently, Buff and Cheritat |BCj have announced the construction 
of some positive measure examples. In their approach, they used the work of Inou & 
Shishikura |Shi2j to resolve the conjectures of Cheritat. 

In this Appendix, we demonstrate how the same result follows from hyperbolicity of 
Siegel renormalization (Theorem I l.ljl . Given that part (VI) of Theorem 11.11 also relies on 
the work of Inou and Shishikura, this approach is not much different from that taken by 
Buff and Cheritat. The use of the renormalization theorem, however, makes for a shorter 
proof, and clarifies the connection between hyperbolicity of TZ cy i and positive measure. The 
latter could be particularly useful in the further study of measure of Cremer and Siegel 
Julia sets by renormalization techniques. 

We formulate a theorem which by |Chj implies that some quadratic Julia sets have 
positive measure: 

Theorem A.l. Let [a±, . . . , a&] be any finite continued fraction with > Nq from Theo- 
rem \3.5\ Fix N > No- Denote 9j the finite continued fraction 



Note that (I) follows immediately from Theorem IH.5I and compactness considerations. 
We will proceed to deriving (II). 

Jellouli and Cheritat have shown (see |Chj ) : 

Theorem A. 2. For every finite continued fraction [a± 7 . . . , a*.] denote 



9j = [a t , a k , N, N, . . . , N , oo]. 




6j = lai, . . . , au, N, N, . . . , N, oo], and 9 { 



oo 



lim 9j. 



j 



Then 




0. 
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Lemma A. 3. Let 6^ be as above, and denote A = the Siegel disk of the quadratic 
polynomial fg . Then 

limiDfm eas C f.(A)\^J =0 
e-^o meas(7 e (A) 

We remark that by later work of McMullen |McM3j . in the above expression liminf can be 
replaced with lim, and in fact, the convergence occurs at a geometric rate. However, this 
stronger result will not be needed. 

The idea of the proof of Theorem lA.ll is rather straightforward. As seen from the above 
lemma, the basin of the Siegel disk of fe x occupies most of the area in a sequence of 
arbitrarily small disks around the critical point. Hence, for the renormalization fixed point 
/, the Siegel basin has full measure in the cylinder. As implied by the hyperbolicity of 
renormalization, all sufficiently high cylinder renormalizations of fg 3 are contained in a 

small neighbourhood of /. From this we will conclude that the parabolic basin of f$ j on 

a sufficiently small scale contains most of the Siegel basin of / with thin cusps removed. 
By the result of Jellouli and Cheritat the total area of the removed cusps can be made 
arbitrary small by selecting large enough j. Hence, most of the measure in a fundamental 
crescent of fg. will be occupied by the parabolic basin. Now we proceed to formalize this 
discussion. 

Proof of Theorem \A.l\ First of all, observe that by Lemma fA.31 and Theorem ll.il for every 
e > and every disk D C C/Z there exists Kq G N such that for every K > Kq there 
exists M G N for which the following holds. Denote gx = ^^/(/soo), and let Bk be the 
projection on the domain of gx of (/e oo ) _M (A). Then 

Are&(D \ B K ) 
Area(D) 

Now select a point z G Cj and let ( be any lift of this point. Let us fix e > and M G N 
and select a sufficiently large j G N and K + M < j such that the above inequality holds. 
Let (lj : XJ\ —>■ V, v : U2 — > V) be a McMullen renormalization of gx- 

Given that the point ( is not in the filled Julia set of fg , we necessarily have one of the 
following two scenarios: 

(*) either there exists n G N such that ( n = (fe ) n (C) is contained in the domain 

V\(E/iUE/ 2 ); 
(**) or there exists n such that ( n G A. 

In the case (*), consider a disk D n 3 £ n such that 

Area(D n \ /-^(A)) < ^ Post crit(/ eoo )) > diam(D n ). 

Area^L'nJ 

Denote D 3 ( its preimage, and D 3 z the projection to C . By Koebe's Distortion 
Theorem and Theorem IA.2I we have 

Area(Z) n C,-)/ Area(D) < 5(e) with 5(e) — ► 0, 
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where Postcrit^/^) denotes the postcritical set. 

In the case (**) we can select a disk D n _i 3 £ n _i with the same properties, and the 
same considerations apply. 

The statement of the theorem follows. 

□ 
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